In this paper, we investigate a new subclass S ϕ,λ Σm of Σm consisting of analytic and m-fold symmetric bi-univalent functions satisfying subordination in the open unit disk U . We consider the Fekete-Szegö inequalities for this class. Also, we establish estimates for the coefficients for this subclas and several related classes are also considered and connections to earlier known results are made.
Introduction and Definitions
Let A denote the class of functions of the form
which are analytic in the open unit disk U = {z : |z| < 1}, and let S be the subclass of A consisting of the form (1) which are also univalent in U.
The Koebe one-quarter theorem [7] states that the image of U under every function f from S contains a disk of radius 
subclasses of bi-univalent functions ( [1] , [2] , [8] , [16] , [23] , [27] , [30] ). Not much is known about the bounds on the general coefficient |a n | for n ≥ 4. In the literature, the only a few works determining the general coefficient bounds |a n | for the analytic bi-univalent functions ( [5] , [9] , [10] ). The coefficient estimate problem for each of |a n | ( n ∈ N\ {1, 2} ; N = {1, 2, 3, ...}) is still an open problem. For each function f ∈ S, the function
is univalent and maps the unit disk U into a region with m-fold symmetry. A function is said to be m-fold symmetric (see [12] , [21] ) if it has the following normalized form:
We symbolyze by S m the class of m-fold symmetric univalent functions in U, which are normalized by the series expansion (5) .Indeed, the functions in the class S are one-fold symmetric.
Similiar to the concept of m-fold symmetric univalent functions, here, in this work, we introduced the concept of m-fold symmetric bi-univalent functions. Each function f ∈ Σ generates an m-fold symmetric bi-univalent function for each integer m ∈ N. The normalized form of f is given by (5) and the series expansion for f −1 is given by below:
where f −1 = g. We denote by Σ m the class of m-fold symmetric bi-univalent functions in U . Taylor Maclaurin series expansion of the inverse function of f −1 has been recently proven by Srivastava et al. [28] . For m = 1, the formula (6) induces the formula (2) of the class Σ. Some examples of m-fold symmetric bi-univalent functions are given here below:
In this work, the class of analytic functions of the form is
holds and this class is denoted by P.
In the work of Pommerenke [21] , the m-fold symmetric function p in the class P is given of the form:
Throughout this study, ϕ will be assumed as an analytic function with positive real part in the unit disk U such that ϕ(0) = 1 and ϕ(0) > 0.
and ϕ(U ) is symmetric with respect to the real axis. The function ϕ has a series expansion of the form:
Let u(z) and v(z) be two analytic functions in the unit disk U with
We observe that
and
Also we assume that
Making some simple calculations we can notice that
In this study, derived substantially by the work of Ma and Minda [15] and [28] , we introduce some new subclasses of m-fold symmetric bi-univalent functions and obtain bounds for the Taylor-Maclaurin coefficients |a m+1 | and |a 2m+1 | and Fekete-Szegö functional problems for functions in these new classes. 
where the function g = f −1 , given by the (6) .
Remark 2 For the case of one fold symmetric functions the class S λ
Σm (ϕ) reduces to the following classes:
1. In the case of m = 1 in Definition 1, we have the class
investigated by Magesh and Yamini [17] defined by requiring that
where the function g = f −1 given by the equation (2) . 2. In the case of m = 1 and λ = 0 in Definition 1, then we have the class S 0 Σ1 (ϕ) which is the class of Ma Minda starlike functions, introduced by Ma and Minda [15] . This class consits of the functions
3. In the case of m = 1 in Definition 1, for the different choices of the function ϕ(z) , we obtain interesting known subclasses of analytic function class.
For example, If we let
. This class contains the functions satisfying the conditions
Similarly, ıf we let
and Re 
where the function g = f −1 given by (6) . For m−f old symmetric ananlytic and bi-univalent functions, Altınkaya and Yalçın [2] defined and investigated the function classes S Σm (β, λ) and S Σm (α, λ) as following.
A function f ∈ Σ m is said to be in the class S Σm (α, λ) if the following conditions are satisfied:
In the same way, the function f ∈ Σ m is said to be in the class S Σm (β, λ) if the following conditions are satisfied:
and Re
where the function g = f −1 given by (2).
Theorem 5 [2] Let f given by (4) be in the class
S Σm (α, λ), 0 < α ≤ 1. Then |a m+1 | ≤ 2α m(1 − λ) √ α + 1 and |a 2m+1 | ≤ α m(1 − λ) + 2(m + 1)α 2 m 2 (1 − λ) 2 .
Theorem 6 [2] Let f given by (4) be in the class
S Σm (β, λ), 0 ≤ β < 1. Then |a m+1 | ≤ 2(1 − β) m(1 − λ) and |a 2m+1 | ≤ (1 − β) m(1 − λ) + 2(m + 1)α 2 m 2 (1 − λ) 2 .
The Main Results and Their Consequences
Theorem 7 Let f given by (5) be in the class S λ Σm (ϕ). Then
Proof. Let f ∈ S λ Σm (ϕ). Then there are analytic functions u : U → U and v : U → U , with u(0) = v(0) = 0, satisfying the following conditions:
Using the equalities (12), (13) in (18) and comparing the coefficient of (18) , we have
From (19) and (21) we find that
Adding (20) and (22), we get
and using the relation (19) and (23) in (24), we have
Therefore, by a simple calculation we get
By using the inequalities given by (11) in (25) for the coefficients b 2m and c 2m , we obtain
Also by using (19) in (26) we have
) which implies the assertion (16) .
Next, in order to find the bound on |a 2m+1 | , by subtracting (22) from (20), we obtain
Then, in view of (19) , (23) and (27) , applying the inequalities in (11) for the coefficients p 2m , p m q m and q 2m ,we have
which implies the assertion (17) .This completes the proof of Theorem 7.
For λ = 0, we can state the following corollary:
Corollary 8 Let f given by (5) be in the class S Σm (ϕ). Then
For one fold symmetric functions, we obtain the following corollaries:
For the case of one-fold symmetric functions and for ϕ(z) = 
The estimates for |a 2 | and |a 3 | asserted by Corollary? more accurate than those given by Corollary 1 in Magesh and Yamini.
For the case of one-fold symmetric functions and for ϕ(z) =
..,Theorem 1 reduces to the following result:
The estimates for |a 2 | and |a 3 | asserted by Corollary? more accurate than those given by Corollary 2 in Magesh and Yamini.
Also, if we choose λ = 0 in Corollary 7, we have the following corollary:
For one-fold symmetric functions, if we choose the function ϕ(z) in different forms, then we have the following corollaries. named Corollary 13 and Corollary 14:
Corollary 13 [18] Let the function f (z) given by the equality (1) be in the class SS * Σ (β, λ), 0 ≤ β < 1 and 0 ≤ λ < 1. Then
Corollary 14 [18] Let the function f (z) given by the equality (1) be in the class SS * Σ (α, λ), 0 < α ≤ 1 and 0 ≤ λ < 1. Then
.
For one-fold symmetric bi-univalent functions and λ = 0, Theorem 5 reduces to Corollary which were proven earlier by Murugunsundaramoorthy et al. [18] Corollary 15 Let f given by (4) be in the class S * Σ (α) (0 < α ≤ 1). Then
Here, in this study, we will spesify the theorem concerning the Fekete-Szegö inequality for the class S λ Σm (ϕ).To improve the result, especially Theorem 2.1, we consider Fekete-Szegö inequality for the class S λ Σm (ϕ) . This kind of studies has been made by many authors. The results regarding this problem are given in the works of [6] , [11] , [14] , [22] . The conclutions given in the study are not sharp, but, unfortunatelly, there isn't any method giving sharp results as regards these problems.
Theorem 16 Let f given by (4) be in the class
From the equations (25) and (27) ,
By using the equalities (39) and (40), we have
where
Due to the fact that all B i are real and B 1 > 0, which holds the assertion (38), the proof of the theorem is copmleted.
For m-fold symmetric functions, if we choose λ = 0 in the Theorem 16, we obtain the following corollary:
Corollary 17 Let f given by (4) be in the class S Σm (ϕ). Then 
Conclusion

